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Abstract — I n this paper we have studied the bicomplex version of Laplace Transformation (LT), condition
of existence and examined the Region of Convergence (ROC) of bicomplex Laplace Transformation
geometrically with the help of projection on hyperbolic plane. Also we are promoting some useful
properties of Laplace Transform in the bicomplex variable from complex variable. These results can be
highly applicablein thefield of Signal Processing.

Index Terms— Bicomplex Number, Laplace Transform for complex variable, ROC.

INTRODUCTION

In 1892, in search for specia algebras, Corrado Segre [1] (1860-1924) published a paper in which he treated an
infinite family of algebras whose elements are commutative generalization of complex numbers called
bicomplex numbers, tricomplex numbers, ....... etc. Introduction part contains three following Sections. Main
work will start from Section 4.

1. Certain Basics Theory of Bicomplex Numbers:
Segre defined a bicomplex number as-& = Xg + i1%g + 15Xy + igig Xz where Xo: X1, Xp, Xy &€ red
numbers, i2=i,%=-1 and iy = gy - The set of bicomplex numbers is denoted as C,. In the theory of
bicomplex numbers, the sets of real numbers and complex numbers are denoted as Cy and C; respectively. Thus
CZ = {g g = ao + ilal + izaz + i1i2a3 ,ao,al,az,as € CO} Or C2 :{§ .5 = Zl + |222 Zl’ 22 S Cl} .
1.1 ldempotent Representation:
There are two non-trivial idempotent elements in C, denoted by g, and e, and defined as

_ 1+, e, = 1-ii, ;g+e =1and ee, =eg =0.Every element of ¢, can be uniquely expressed as a
2 2

complex combination of ¢ and e,, Viz. £=(z +i,z,)=(z —i;2,)e, + (2, +i;2,)e, - This representation of a

bicomplex number is known as the Idempotent Representation of £. Further, the complex coefficients

(z,-1,2,) and (z,+i,z,) e caled the | dempotent Components of the bicomplex number & = 2 +iy2,-

€

1.2 Singular Elements:
Anelement £ =z +i,z, issingular if and only if |212 4 222| = 0 . The set of singular elements is denoted as 0,
andischaracterizedas- O, ={ £ e C, : £ is the collection of all —complex multiples of e ande,}
1.3 Norm:

Thenorm || |.c, » c,* Of abicomplex number is defined as follows: (where ¢  + denote the set of all
non-negative real numbers). If & = 2, +i,z,€ C, then -

12 z—izz+z+i221/2_ 2 2 oy +x2 "2, CyisB h hich is not
||§||:{|21|2+|22|2} _ |1 1 2| 2|1 1 2| —|:X1+X2+X3+X4J 2 IS banacn space wnicn IS NO

Banach algebra because, in generd, len < V2| | holds instead of the standard condition, viz.
lEn < €N | In this sense, <C2,+,-,><,||.||> istreated as a modified Banach algebra.
1.4 Auxiliary Complex Spaces:

The Auxiliary complex spaces A and A aredefined asfollows: A ={z-i.z, Vz,2eC},A={z+,z, Vz,2eC}
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1.5 Cartesian Set:

A cartesian set determined by x| and X, in A and A, respectively isdenoted asx, x_ X, andisdefined as:
X%, X, ={z+i,2,6 C,: 2, +i,z, = W,e + W,&,, W, € X,, W€ X,} -
By the help of idempotent representation we define some functionssuchas- h,:Cc, - A,, h,:C, - A,
asfollows:-
Pz +i,2,) =hi(z -1z,)e +(z+i,2,)e,] = (2 -1,2,)e A V 7 +i,2,€ Cy;
p,(z, +i,z,) = h,[(z, —i,z,)e, + (2, +1,2,)e,] = (2, +1,2,)e A, ¥V z +i,2,e C,;
Hyperbolic projection: H (& =a, +i,a, +i,a, +ii,a;) = a, +i;i,a,

2. Certain Basics of Bicomplex Analysis:

In 1928 and 1932, Michiji Futagawa originated the concept of holomorphic functions of a bicomplex variable,
in a series of papers [3], [4]. In 1934, Dragoni [5] gave some basic results in the theory of bicomplex
holomorphic functions. A full account of the updated theory can be hald from Price[6]. Some glimpses of the
richness of the theory can be seen in Srivastava[7].

2.1 Statement: F (&) is convergent in domain D iff Fq(fl) and Fez(fz) are convergent in domain
P:D— D, ad P,: D — D, respectively.
3. Some Results of Bicomplex numbers-

1 e =e%™%% = ghe + e'e,
2. cos¢é =cos(&,e + &,8,) = (cosé, )e + (cosé,)e,
3. sing =sin(&e +&,e,)=(siné,)e +(sing,)e,
4. "= (§1e1+ $,8, )n =¢"e + fznez
5. (5 _n)n = (glel-'_ §292 — 1.8 — 11,6 )n = [(fl_nl)el"' (ng _nz)e2:|n = (gl_nl)n € + (52 _772)n €,
Gi ‘ne 02: 5191"'5282 =§—161+§—262
n .8 + 77,8 1, >
1.&xn = (flel + §2e2)(771e1 + 77292)= $i118 + &,11,8,
8. & +n" :glnel"'gznez"'nlnel"'nznez:(§1n+771n)el+(§2n+772n)e2

9 [ f (§)d;:le fo (&) dg e1+_[D2 f, (¢,)ds, e 5 He@ p:D 5 D, P,:D > D,

10. d _d d
d_:f (5)_ d:1 fe1 (él)el"' d: fe2 (éz)ez

2 4. Conjuncture:-
Let f(t) be a rea valued function which has exponentid order K  such that
|_|:f (t)] - IO“’ f(t)eSdt=F (Sl)exist here s e C,and convergent for R.(s)>kK and take another Laplace
Transform for s, e ¢, such as L[ f(t)]= I: f (t)e *dt=F (S,) exist and convergent for r.(s,)> Kk . Now

we have alinear combination of F(S) and F(S) with e, and e, such as:-
F(S)e+F(S)e =] f()e>die+[ f(t)e>dte = f(t)eS> = di=["f(t)e'dt=F (&)
F (&) existfor Ry(§)>K and Re(S,)>K OF Re(R,:&)>K and Re(P,: &) > K -

Since F(S) and R (S) are complex valued functions which are convergent for Re(S)>K and Re(S,)>K
respectively, so a bicomplex valued function (£)=F.(S)e+F(S,)e will be convergent in the region D
andthisisdefineas: D ={£:£=Se +S,e, ; Re(P:1&)>K&Re(P,:&)> K-

Let S =x +iX, & S, = X, +i;X, - ThUS Re(S))=x > K &Re(S,)=x, > K , then
. 1-ii + X, +X, ). X, — . -
j+()(3+,1x4)( 212j2><12x3+( at 4j,1+( 42><2J,2+(x12x3

1+igi,

§=(x1+ilxz)eﬁ(xg+i1x4)ez=(><1+ilxz)(
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Now there are three possible cases:

L1f x, = x, then %annd X

2 =x=x,>K
Henceif & = a, + aji, + a,i, + a4i,i,, then a, > K and @, =0. Thus Re(P,:S)=Re(P,:S)=a,-
2.1f x> x, then 2122850 = x > x, ad

2

XlJ;Xa>K;&>K;X1+K;X3:K+X1;X3>K>K_%thusa0>K+a3>K>K—a3 and a, > 0.

3.1f x < x, then %<O = x, < X, and

XX KX Kax K-X_ o X% o okiX% thusa, >K-a,>K >K+a,anda,<0.
2 2 2 2 2 2
These three conditions making three sets.

D,={{=a,+i,a +i,a, +ii,a, :a,>K & a, =0}

D,={¢=a,+ia +i,a,+ij,a :a,>K+a,&a, >0}

D,={¢=a,+ia +i,a, +iji,a, 1a,>K-a,&a, <0}

Thus Re(R,:¢&)>Kand Re(P,: &) > K impliessée D =D, u D, u D, conditionsintheset D, ,D, and
D, canbewrittenas a, > K + |a3| and thisshowsthat £ D and D defined as—

D ={£:H, (&)represent aRight half plane a, > K +|a,|}

H, (&) - Hyperbolic projection of f

If K > ~|ay] then hyperbolic projection of £ liein the region as given in below figure 1., If K < _|as| then

hyperbolic projection of & liein thefigure 2.

H " H-Plane
H-Plane
a I R & R
> K+ || =—
FE > = K+ o | =
Fig. 1. . Fig. 2.
If a, =K +|a3| then F (&) haspoles, these poles are shown on the red lines asin following figures.
If K>0:- If K=0
H
H
H-Plane
\ a, =K —a, H-Plane
/< K+|a}|\ | o] |
o, = K +

Fig.3. Fig. 4
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If K < —|a3|

a, =K —a H

H-Plane

= K +|f{3|$7

a, =K +a,

Fig.5.
Converse Result:- It will be the guarantee of existence of Laplace Transform- If Se D =D, uD, U D,then

Re( |31(§)) and Re(Pz (5)) are greater thanK . First of all we express £ in independent component form such as-
E=a,+ia +ia,+ jay=(a, +iha)+i,(a, +ia;)=] (8, +a,)+i(a,—a,) e +[(a,—a,)+i, (a, +a,) | &
Re(P(&))=a,+a,& Re(P,(£))=a, - a,

Casel. Let Se D, then a,>K, a, =0, Re(pl(g))z a,+a,=a,>K .SimilarIyRe(pz(.f))za0 > K.

Case?2. Let Se D, then a, > K +a, & a, > 0thena +a,>a, — a, > K - Hence theresuilt.

Case3.Let Se D, then a, > K —a, & a, <0thena, —a,>a, +a, > K . Hence the result.

LAPLACE TRANSFORM:-
Now we are ready to define the Laplace Transform for Bicomplex variable. Let f (t) be a real valued function
of exponentiadl orderK. Then Laplace Transform of f(t) fort>0 can be define as
L{f (1)}= I: f (t)e*'dt= F (&)- Here F(&)is exist and convergent for al §e D =D, uD, U D,0r
which has H, (&) in the Right half plane 5 > K +|ay|- In D there are infinite f which have same
H, hyperbolic projection because a, & a, are free from restriction.

Theorem 1. (EXISTANCE OF LAPLACE TRANSFORM):-
If f(t) is of exponentid orderK, then its Laplace transform L{f(t)}=F (&) is given by-

F(&)= '[0"“ f (t)e <tdt, Where¢ = £ e + &,e,, the defining integral for F (&) exist at points & in the
Cartesian region of right half planes Re(&,)> K and Re(&,)> K

Proof:- F (&)= IO” f(t)edt = IO” f (t)e %t el*J: f (t)e *dt e, .Both the integrals are exist when
Re(&)>K and Re(&,)> K - S0 F (&) existfor & = &g + &0, OF & =X +iX +i,X, +ii,X;, where
Xo —[%s| > K -

Theorem 2: (UNIQUENESS OF LAPLACE TRANSFORM):-

Let the function f (t)and g(t) have Laplace Transform g (g)andc;(g), respectively. If F(&)=G(¢) then
f(t)=g(t)

Proof:- Let- F(§)=F, (&)e+F, (5)e&G(¢)=G, (&)e+G, (&)e- IT F(£)=G (&) then it is
possibleiff F, (&)=G, (&) & F, (£,)= G, (£&,)= [ e f (t)dt=[ e g (t)dt

&J‘: e f (t)dt = J-: ‘g (t)dt . It'sonly possibleif f (t)=g(t).

PROPERTIES OF LAPLACE TRANSFORM:-

Theorem 3: (LINEARITY OF LAPLACE TRANSFORM):-
Let the function f (t) andg (t) have Laplace Transform F (£)andG (&), respectively. If aand b are

constants, then L{a f (t)+b g(t)}=aF (£)+bF (&)
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Proof:- Let K be chosen so that both F and G aredefined for £ D = D, U D, U D,, then

L{af(t)+b g(t)}=j:{af (t)+bg(t)le*dt =_|‘:{af (t)+bg(t)}edt el+'f:{af (t)+bg(t)jedte,
=af f(t)edte+b[ f(t)eHdtg+af f(t)edte,+b[ f(t)edte,

=aF, (&)e +bG, (&)e +aF, (&) +bG, (&)e,=a[F, (§)e+F, (&)e, |+b[G, (&)e+G, (&)e, ]

=aF ({8 +&,6,) +bG (&g +&,6,) = aF (£)+bG (&)
Thus [L{a f (t)+b g (t)}=aF (£)+DbF ()

NOTE:- F(¢)=F(Se+&e) =] f()esd=["f(t)esdte+| f(t)edte=F,(5)a+F,(&)e

Theorem 4. (LAPLACE TRANSFORM OF DERIVATIVES):-

Letf(t)and f '(t)be continuous for t>0of exponentiad orderK, them_{ ()} EF (&)- f (0) where

F(&)=L{f (1)}

Proof:- Let K belarge enough that both f( )and f'(t) areof exponential order K. L{f(t)}isgivenby

L{f(O)}=], f'(t)es'dt ;¢eD=[e*f(t)] —[ -cef

=—f(0)+ gjo“e-fff (t)dt=—f (0)+§F () = Thus L{f (t)}ng (£)- f(0)

Corollary:- If f(t), f'(t)and f "(t) areof exponential order, then —

L{f @O}=[ f(t)eddt ;ceD=[ef ()] - [ ~ge*t (t)dt==1F"(0)+&[ e F'(t)d==1(0)+&[L{f (V)}]
0)+&[EF (£)-F(0)]=¢%F (¢ —ff( ) f(0)

Similarly- L{ f *(t)} = £3F (&)= £2f (0)- &£ '(0)— f"(0) etc.

Theorem5: (LAPLACE TRANSFORM OF INTEGRATIVES):-
Let f (t) be a continuous for t >0 and be of exponential order K and let F (5) be its Laplace transform.

Then— L{jo‘ f (t)dt}:%

Proof:- Let g(t)=[ f(t)dttheng'(t)=f(t) ad g(0)=[ f(t)dt=0, Since f(t) is of
exponential order K, thereexist M >0& K so that- |f (t)| < MeXt.

g ()] < [o]f ()]dt< M [ e dt = h}ﬂ—(e’“—l)g M ,e*t- Thus g(t) is also of exponential orderK .
Then- £ (&) =L{f ()} =L{g"(1)}=¢L{a(O)}-g(0)=¢L{g ()}

Thus [L{g (1)} = (5) = L{[ f ()t}

Theorem 6: (MULTIPLICATION BYt) :—
Provethat L {tf (t)}=-F'(&)
Proof:- We have Leibniz'srulein complex analysis[8] Now-

! _ 1 ! — 0 - — &t d « —&t
F'(¢)=f'(S)e+f, (§Z)e2_a_gﬂj0 f(t)edt eﬁgjo f(t)edte,
By Le|bn|z srulewe can ertelt as

-jo ag )e <dt el+j —f (ye¥dte, = [ —tf (t)e*'dt e + [ tf (t)e*'dt e, =~ tf (t)e'dt =—L(tf (1))

Thus | L{tf (t)}=-F (&)
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Theorem 7: (DIVISION BYt) —

let F (&) denote the Laplace transform of f (t). If Limﬂ exist, then - | f(t) _ J“ F (7)dy
t—0 t t £

. _ [ —nt
Proof:- Wehave F (1) = IO f(t)e"dt.
So;:el (m)e +F,, (n,)e, = L:“ f (t)e™dt el+.[: f (t)edt e,-Now we take integration with limit
f = §1e1 + fzez e
[ Fm)dn=[_F, (n)dn, e+ [ F, (1,)dn, &
= -[51 .[O f(t)e™™dt dn, e + LZ .fo f (t)e™'dt dn, e,
We reverse the order of integration in the double integral of the equation to obtain-

J F(n)dn= j j f (t)e ™dt dr, e1+j I f(t)edt dn, e, —J [ ()e”lt} dtel+J [ ()e”z‘} dt e,

51 52

__['”f(t 0-e®)dte+ j ()(0 e52)dte—.[mft(t)e§1‘dtel+_[ )efztdtez
= J:@e"f‘ dt = L{@}

Thus |[L {#} = J.; F(n)dn

Theorem 8: (SHIFTING THE VARIABLE«f)-
If F (&) istheLaplacetransformof f (t), then— L{e" f (t)} = F(£-a)

Proof:-wehave L{f (t)}=F (S)=["f(t)e*'dt= L{e"f (1)} = [ "ee*f (t)dt=] e f()dt=F({-a)

Thus |L{e*f (t)}=F (£-a)

Theorem 9: (SHIFTING THE VARIABLEt ):-
If F(&) isthe Laplace transform of f(t) and a=0,then L{ua(t) f (t—a)} — e ¥F (&), where f(t) and
U, (t) f (t—a)areillustrated in figure-

0 0 a

Fig. 6.

Proof:-
Wehave e *F(&)=e™ [ f(S)e*ds= " f(S)e™ds

Let a+s=t,then- e*F ()= f(t-a)e'dt=] f(t-a)e*dte+| f(t-a)edte,
Because U, (t)f(t-a)=0fort<aandU,(t)f(t—a)=f (t—a)fort=>a,then

e F (&)= U.()f (t-a)edte+[ U, (1) f(t-a)edte,=[ U,(t)f(t-a)edt
Thus [L{U, (1) f (t—a)}=e*F (&)
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NOTE:-
[Ju.()f(t-a)edt=[ U, (t)f (t-a)e™dt+ [ U, (t)f(t-a)edt=0+ [ f(t-a)e“dt

Some Laplace Transform Pairs with ROC in Complex and Bicomplex Variable are given in the following
table-

e Inthistableweuse-a=a,+i,a € C, ,S=§ +,SeC, &=& +i,& +i,&, +ii,& =& +E%,€ C,.

e U(t)- Unit step Function, &(t)- Unit Impulse function.

ROC of F(¢)
S. | f(t) Expon- | (g) F(&) ROC of F(S)
No. ential With idempotent With  Red
order Components Components
L[ s 0 1 1 All' S Al & Al &
2, . JZ % Re(S)>0 Re(£')>0& & >4
U(t) Or S, >0 Re(£%)>0
3 1 % Re(S)<0 Re(&')<0 & o <&l
-U (1) 0 Or S, <0 Re(£?)<0
4. m! m! Re(S)>O Re(fl)>0& §o>|§3|
t"U (1) 0 | gm gm Re(£2)>0
5. t 1 1 Re(S)>Re(a)=-a,| Re¢(&')>-a, & & >—a, +|&)|
e'u(t) | -a |S+a fra Re(E7) > -2,
6. 1 1 Re(S) < -a, Re(¢)<-a, & & <—a,+|¢|
- U (-t) -3, | S+a {+a Re(£%)<-a,
= mi ml Re(S)>Re(a) == | Re(¢')>-a, & | &>—a,+|&]
t"e U (1) -8, | (s+a)™ (E+a)™ Re(£7)> -3,
8. m! m Re(S) < -a, Re(¢)<-a, & & <—a,+|¢|
—t"e U (1) -8, (SJra)'ml (tf+a)m+1 Re(£7)< -2,
9. S é: Re(S)>O Re(§1)>0& §o>|§3|
CosatU (t) 0 S?+ w? E+a’ Re(§2)>0
10. - [0 (0 Re(S)>O Re(§1)>0& §o>|§3|
SinatU (t) 0 | g2 g2 E + o Re(£2)>0
11. S+a E+a Re(S)>Re(a)=-a,| Re(&')>-a, & | & >-a,+|§|
e*CosutU(t) | —ay (S+a)’+a? | (£+a) +o’ Re(£2)> -2,
12. . w w Re(S)>Re(a) =8| Re(&)>-a, & | &>—a,+[&)|
e*gnatU(t) | -8, | (S+a)+a? (é+a)’+af Re(£2)> -3,
13 [ U (t-t,) ; oS s Re(S)>0 Re(&)>0& & > &
S '3 Re(£%)>0
| st 0 S £ All' S Al & Al &
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FUTURE WORK:

We can see the effect on ROC if wetake @ as complex and purely imaginary and ROC also affected if we have
hyperbolic functions. This paper is promoted for Linear Time Invariant (LTI) systems.
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