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Abstract — Tolerancing is an important step in the design process of a mechanism. There are two 
tolerancing approaches: tolerance analysis and tolerance synthesis. The principle of tolerance analysis is to 
verify the functional condition of the mechanism, for that purpose it is necessary to check the specific 
tolerances of each elementary part. Whereas the tolerance synthesis aim to calculate the specific tolerances 
of the parts forming the mechanism. The purpose of this paper is to develop a new approach of geometric 
tolerances analysis with integration of form deviations. For this we studied an example of assembly of two 
cylindrical parts (shaft and bore). The first step is to analyze the tolerances of the component parts assembly 
using the deviation domain method by neglecting the form deviations. The second step of this study is to 
analyze the tolerances with the same method but with the introduction of the form deviations, by using the 
discrete modal method for the modeling of surfaces with form deviations and applying a new algorithm 
developed for the simulation of our approach. Finally, we compared the two studies with and without form 
deviations through the calculation of a non-compliance rate (TNC) 
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I. INTRODUCTION 

Tolerance analysis is a process of estimating the propagation of specific tolerances of elementary parts in a 
mechanism. The objective is to optimize the product's manufacturing cost while ensuring functional condition.  

We study in this paper an example of assembly of a shaft with its bore. First, we present an analysis of the 
geometric tolerances with the method of the domains without integration of form deviations. In a second step we 
present a new approach of tolerance analysis with integration of form deviations, by using the method of discrete 
modal decomposition for the form deviations modeling, and then we apply a new algorithm for the simulation of 
the analysis with integration of form deviations. Finally, we compare the results with and without form deviations. 

II. DOMAINS METHOD 

The domain method allows the geometric tolerances analysis of mechanical systems. The dimensional and 
geometric tolerances of the parts being defined, this method allows to define the relations between functional 
tolerances and specific tolerances to each linking or functional surface. This method has been developed and 
applied to mechanisms with serial and parallel links [1] [2]. 

This approach is based on the theory of small displacements torsor, allows to specify the deviations domains 
and the gaps domains [3] [4]. 

III. DEVIATION DOMAIN 

Any surface has 6 deviations components: 3 translations and 3 rotations. These deviations are small amplitudes 
relative to the relative positions of the surfaces, it is possible to characterize them by a small displacements torsor 
where δθ is the rotation vector and δ(M) is the translation vector[5] ,[6]. 
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Fig. 1. A flat surface deviations 

IV. DISCRETE MODAL DECOMPOSITION METHOD (DMD) 

The DMD is based on the vibration theory of discretized mechanical structures. Each natural mode of vibration 
defines a particular geometry. These modes are used as parameters defining the form deviations of a surface [7]. 
These modes of vibration are calculated from equation 2: 

          M.  K. u 0                                                           (2) 

Where K and M are matrices of rigidity and mass, and u is the displacement vector. 

The solution of equation (2) provides a linear system whose solutions are the natural mode of vibration Qi 
corresponding to the pulsation i. 

M . K  . I . Q 0                                       (3) 

Each natural vector is normalized according to the infinite norm so that ‖Q ‖ 1.     

To generate surfaces with form deviations, it is necessary to discretize the surface in finite elements and to 
compute in a first time the natural modes of this surface, then generate the modal coefficients. Each surface is 
calculated with the following equation: 

S Q. m                                                                        4  
Where Q is the matrix of the natural modes of the surface and m is the modal coefficients vector. 

V. TOLERANCING OF AN ASSEMBLY (ASSEMBLY OF A SHAFT WITH ITS BORE) 

The example studied is an assembly of two cylindrical parts. The functional condition to verify is the 
assemblability of the shaft with the bore, which is represented by a geometric tolerance of coaxiality. The assembly 
and definitions drawing of parts are illustrated in figure 2. 

Hypotheses 

• The parts are rigid. 

• The study of parts concerns only the functional surfaces 



 
Fig. 2. Example drawing 

A. Tolerancing without Introduction of Form Deviations. 

Study of deviation domains.  

 Study of the part (1): Bore 

The part (1) is considered as a reference part for the assembly, so the deviation domain of the cylindrical surface 
(A1) is zero:  E1A = 0. 

 Study of the part (2): Shaft 

The surface (B2) of the part (2) is a reference surface of coaxiality tolerance of the surface (A2), so the deviation 
domain of this surface is zero:  E2B = 0 

The surface (A2) is a cylindrical surface toleranced in coaxially with related to the surface (B2), so the deviation 
torsor of this surface is of the following form: 

E2A   
r       t

 r         t
0         0 , , ,

                               (5) 

To respect the coaxial tolerance assigned to the cylindrical surface (A2), the displacement of the points O1 and 
O2 along the two axes X and Y must not exceed the tolerance interval divided by 2 (to / 2). 

 
Fig.3. Presentation of the tolerance zone of coaxiality 
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The deviation domain of this surface in the center of the cylindrical link is of the following form: 
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The graphical representation is of the following form: 

 
Fig. 4. Representation of the deviation domain of coaxiality E2A 

 Study of the functional condition of the assembly 

It is considered that the tolerance of coaxiality represents the functional condition of the assembly, so for the 
assembly to be functional it suffices to respect this tolerance during the manufacture of the parts. 

B. Introduction of Form Deviations  

Several studies have studied the integration of form deviations in assemblies, especially in the case of flat 
surfaces [8]. In our case, we studied an assembly of two cylindrical parts. [9], [10], [11], [12], [13] [14], [15], [16]. 

Calculation of natural modes of the studied surface 

The two surfaces in contact in our assembly are cylindrical surfaces. The natural modes of this surface are 
calculated. To simplify the study, we consider that the cylindrical surface is represented with its axis with the 
deformations caused by vibrations. The following figure shows some natural modes of a cylindrical surface. 

 
Fig.5. Natural mode of the cylindrical surface 

 



Generations of surfaces with form deviations 

Each surface is modeled with a set of nodes that undergo displacements along the y axis, the displacements of 
all the nodes of all the natural modes are normalized so that the displacements are between “-1” and “1”.Then we 
generated for each natural mode 20 random values according to the normal law between 0 and 1. In our case each 
surface is composed of 5 nodes. The calculation is done using the following equation using "Excel ": 
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- S1.1 : Displacement of node 1 of surface 1 

- Q1.1 : Value of mode 1  for node 1 of surface i 

- m1.1 : Random coefficient for mode 1 of surface 1 

We generated 20 random surfaces form deviations based on the natural modes of vibration of the cylindrical 
surface. The following figure shows the calculated surfaces with form deviations. 

 
Fig.6. Representation of surfaces with form deviations 

Finally, we calculated the form deviations of the generated parts and we selected 16 values that are within the 
tolerance interval of the form deviations imposed by the designer (less than 0.04mm), then are saved in a column 
vector under "Excel". 

Monte Carlo Simulation 

 Simulation data 

- Beam diameter 10 mm, length a = 10mm 

-  Materials: Young's module stainless steel E = 203000 Mpa 

-  5 nodes with embedding link on node number 1. 

- Coaxiality tolerance : to = 0.2 mm 

- Dimensions : a = b = 10 mm 

-  tx: according to the normal distribution of mean (m = 0) and standard deviation (δ = 33.66 μm) 

- ry: according to the normal distribution of mean (m = 0) and standard deviation (δ = 3.33 .10-3rad) 

- tf: this is the form deviation tolerance, which is randomly chosen from the vector of generated form deviations 
values  

- r= 0.2: it is the ratio between the form deviations and the orientation deviations 

- c1: counter of accepted parts taking into account form deviations  

- c2: counter of accepted not accepted parts with form deviations  

- c = c2 / (c1 c2): this is the rate of non-conformity 

 Simulation steps 

- Generation of the random variables rx, ry and tf : to each part i we associate three random variables rxi, ryi 
and tfi according to a normal distribution. 

-  Calculation of the control parameters of the part: for each part i, the displacements of the extreme points of 
the toleranced surface are calculated. 



- Verification of the conformity of the part taking into account the form deviations: for the part to be accepted, 
the control parameters must stay within the tolerance interval. 

- Representation of the conforming parts with the consideration of form deviations: each piece i conforms is 
represented with a blue point of coordinates (txi, ryi). 

- Verification of the conformity of the parts without taking into account the form deviations and which are 
rejected with the taking into account form deviations: in order for the part to be conforming, it is necessary 
that the parameters of control stay within the tolerance interval without form deviations. 

- Graphic representation of these parts: each part i is represented with a red star of coordinates (txi, ryi). 

- Calculation of the non-conformity rate: this is the ratio between the number of parts conforms with the 
consideration of the orientation deviations and the form deviations divide by the number of parts conforms 
without taking into account form deviations. 

 Execution of the algorithm and interpretation of the result 

After executing the program of this simulation, we obtain the result illustrated in the following figure: 

 
Fig.7. Result of the simulation with form deviations 

The parts represented with blue points are accepted with the taking into account of the two types of deviations: 
the coaxiality and the form deviations .The parts represented with red stars are defective parts if we take into 
account the form deviations, whereas they are accepted if we neglect the form deviations. To illustrate the 
influence of the introduction of the form deviations on the tolerance analysis with the domain method, we 
calculated the rate of non-conformity which is of the order of 5%. 

VI. CONCLUSION 

In this paper we studied through an example of assembly of two cylindrical parts, the geometric tolerances 
analysis with and without taking into account the form deviations. The first part presents the tolerancing without 
taking into account form deviations, by using the deviations domains method with the worst-case approach. The 
second part presents tolerancing with consideration of form deviations. In order to model these form deviations 
we used the discrete modal decomposition method. Then we developed a Monte-Carlo statistical simulation for 
the tolerance analysis based on the new developed algorithm. Finally, the result is represented with a graph to 
facilitate interpretation, and then we calculated a non-conformity rate which illustrates the difference between 
tolerancing with and without taking into account form deviations. 
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